The two-dimensional linear elasticity equations are solved by the global method of approximate particular solution as a new meshless option to the conventional finite element discretization. The displacement components are approximated by a linear combination of the elasticity particular solutions and the stress tensor is obtained by differentiating the displacement expressions in terms of the particular solutions. The multiquadric radial basis function (RBF) is employed as the non-homogeneous term in the governing equation to compute the particular solutions. The cantilever beam and the infinite plate with a hole problem are solved to verify the implemented meshless method. For each situation, the trend of the root mean square error is assessed in terms of the shape parameter and the number of nodes. Unlike most of the RBF collocation strategies, it is found that numerical results are in good agreement with the analytical solutions for a wide range of shape parameter values.
Introduction
Recently, several meshless methods have been implemented for solving elasticity problems as an option to overcome the limitations found with the finite element method (FEM) and the finite difference method (FDM) in situations which involve large deformation processes, mesh enrichment or moving boundaries [1, 22, 28] . The element-free Galerkin method (EFGM) proposed by Belytschko et al. [5] has become the meshless method most widely used in solid mechanics [29] . In the EFGM, the weak form of the governing equations is solved in the sense of the FEM using the background cells for integration and shape functions derived from a moving least square (MLS) scheme. With the aim of reducing computational effort and improving accuracy of the EFGM, several methods such as the reproducing kernel particle meshless method [18] , the partition of unity method [4] , the point interpolation method [17] and the meshless local Petrov Galerkin (MLPG) approach [2] have been implemented.
However, most of the weak form meshless methods are not truly meshless since they require a grid to perform integration and, in consequence, their computational efficiency is affected [23] . Therefore, strong form meshless methods arise as a suitable strategy to solve elasticity problems by using only nodes distributed along the domain and its boundaries. Collocation strategies are the most popular option among the strong form methods since they can overcome the problems found in Galerkin methods due to the use of approximation instead of interpolations [18] . In this sense, Zhang et al. [28] employed radial basis function (RBF) collocation to solve the Poisson and elasticity equations highlighting some advantages such as the truly meshless character of the method, dimensional independency and spectral convergence order of some RBFs, showing that the RBF collocation approach is a suitable meshless alternative to FEM in elasticity problems. Nevertheless globally supported RBFs produce ill-conditioned interpolation matrices.
Although the ill-conditioning of the interpolation matrix and the sensitivity of the numerical solutions with respect to the shape parameter value have limited the development of the global RBF collocation methods, Kansa's [14] pioneering global approach (direct method) has been successfully used for the solution of several boundary value problems governed by different PDEs, see [14] , Laplace; [8, 14, 20] , Poisson; [8] , Helmholtz and [6, 8] , convection diffusion, among others.
Schaback [25] described the behaviour of the RBF direct collocation as the uncertainty relation: Better conditioning is associated with worse accuracy and worse conditioning is associated with improved accuracy. As the system size is increased, this problem becomes more pronounced. Several strategies have been developed to overcome the matrix ill-conditioning of the global RBF collocation methods; among the easier to implement, the following two approaches are worthy of mentioning: the use of RBF-specific matrix preconditioners [7] and the adaptive selection of functional centres and collocation points [15] .
Despite the improvements made, the accuracy of the direct RBF global collocation methods is still limited by the matrix ill-conditioning. New alternatives based on the use of different RBF schemes have recently been proposed. The indirect approach approximates the higher derivatives appearing in the PDE to be solved by an RBF interpolation and the expression for the dependent variable is obtained by integrating them with respect to the corresponding coordinates [19, 21] . By using the indirect strategy, it is possible to obtain accurate solutions for a wider range of shape parameter than those obtained with the direct approach, where the dependent variable is approximated by an RBF interpolation and its derivatives obtained by the differentiation of the interpolation function. According to Mai-Duy and Tran-CongMay [21] , this is due to the smooth behaviour of the integration process, which unlike derivation does not contain inherent inaccuracy of the approximation.
Recently, Chen and Fan [9] proposed an integrated RBF method for the case of a linear PDE, with a differential operator, or only part of it, given in terms of the radial component of a polar or spherical coordinate systems. In this case, these authors proposed to approximate the radial component of the PDE in terms of an RBF interpolation and by integrating the resulting non-homogeneous ordinary differential equation, it is possible to obtain an approximated representation of the field variable by a linear superposition of the corresponding particular solution. This integrated RBF meshless approach has been referred by Chen and Fan [9] as the method of approximate particular solutions (MAPS). In this paper, the two-dimensional elasticity equations are solved by means of the global MAPS, using a well-known procedure to obtain the elasticity particular solutions as shown in [24] . The proposed MAPS scheme is validated by comparing the numerical results with the analytical solution of two different boundary value problems, for several nodal distributions and shape parameter values.
The particular solution method
For simplicity on the introduction to the MAPS, let us consider the case of the following type of linear boundary value problem, the partial differential operator of which is given only in terms of the r coordinate, i.e. axisymmetric:
and
with L r (u) as the PDE and B as the boundary operator.
In the direct RBF global approach, Kansa method, the unknown field variable u of the above boundary value problem is given by a linear superposition of RBFs as
with φ(r) as the interpolating RBF. The corresponding approximation of the PDE is directly found by differentiating the above approximation, i.e.
On the other hand, in the indirect RBF approach (integrated method) instead of approximating the field variable, the higher order derivatives of the PDE operator are approximated by the RBFs as
In this way, the lower derivatives and the field variables are obtained by direct integration of the above approximation for the higher derivatives along the corresponding Cartesian grid. The approximation of the governing equation is found by substituting the obtained approximation of the derivatives in the given PDE. In contrast, in the MAPS the full PDE, or only part of it, is approximated by the RBFs as
and the field variable by
withû(r) as the corresponding particular solution of the following non-homogeneous ordinary differential equation:
As can be observed, this is similar to the integrated RBF approach (Mai-Duy et al.'s [19] indirect scheme), but instead of approximating the higher-order derivatives in terms of an RBF and integrating them in each direction along a Cartesian grid to obtain an approximation of the field variable, the approximated field variable is found in terms of the solution of the corresponding non-homogeneous ordinary differential equation, i.e. the particular solution, independently of any Cartesian grid. By substituting the above approximation of u( x), Equation (7), into the boundary conditions of the problem at N b boundary points, and into the full expression of the PDE at N i internal points, the following linear system of algebraic equations is obtained:
with N = N b + N i (see Figure 1 ). The solution of the above boundary value problem is achieved after solving the resulting algebraic system for the coefficients α. The idea of a particular solutionû of Equation (8) has been used before in connection with the numerical solution of a linear boundary value problem using the classical decomposition in terms of its particular and homogeneous solutions, combined with the method of fundamental solution [11] and with the boundary element method [10] to find the corresponding homogeneous solution. The main difficulty of the MAPS is the possibility to find a close form expression of the particular solution, which in some cases can be found with the help of symbolic computation.
Linear elasticity problems
The momentum conservation equation for elastic solids, neglecting gravitational effects, is given by the following expression
where σ ij is the ijth component of the stress tensor, which is defined in terms of the directional derivatives of the displacement components, u i as
The constantsĒ andν are functions of the actual elasticityYoung's modulus E and the Poisson's constant ν and their values depend on the applied assumption; for plane strain
and for plane stressĒ
After substituting expression (11) into the momentum conservation equation (10), the following equation in terms of displacements is obtained (Navier's equations)
The boundary value problem to be solved is given by equation (16), with essential (Dirichlet), given displacements, and natural (Neumann), given surface tractions, boundary conditions:
Let us consider the following inhomogeneous Navier's equation:
where u l i are the displacement particular solutions for the elasticity problem with the multiquadric RBF φ = √ (r 2 + c 2 ) as the external force, which is only a function of the Euclidean distance r = x − ξ and the shape parameter c. Here, the shape parameter is constant and its influence on the numerical solution is assessed in the section of numerical results. The solution of Equation (19) is attained by expressing the particular solution in terms of the Galerkin vector
If the Galerkin vector is written in terms of the scalar potential ψ according to
and Equation (20) is substituted into the inhomogeneous Navier's equations (19) , the following bi-harmonic equation for ψ is obtained
Equation (22) is solved by direct integration using the Wolfram Mathematica Online Integrator tool. The resulting singular components are subtracted from the final equation knowing that such terms are complementary solutions of the bi-harmonic equation [24] . In the cases of two-dimensional problems, as the one considered in this work, the final expression for ψ is given as:
A similar expression to (23) is reported in [24] , where the term c 3 ln(c)r 2 is omitted, when implementing the dual reciprocity boundary element method (BE-DRM) for two-dimensional elastodynamics problems.
The displacement particular solutions are found by substituting Equation (23) into the expressions (21) and (20) . The particular solutions for the stress tensor σ l ij are obtained by replacing the directional derivatives of the displacement particular solution into the stress tensor definition (11) . For brevity, the resulting equations for the displacement components and the stress tensor are given in Appendix 1.
The limiting values as r tends to zero of the obtained particular solutions, displacements and stresses, are nowhere singular in a bounded domain , for more details see Appendix 1. Therefore, the approximated displacement vector u and stress tensorσ can be defined as a linear superposition of N particular solutions located at N trail points ξ k in the form:
By substituting the above expression into Navier's equations (16), the following homogeneous linear superposing of MQ functions representing the approximation of the governing system of PDEs is obtained :
where Equation (19) has been taken into account. The equation set required to complete the collocation process is obtained by substituting the approximations (24) and/or (25) into the respective boundary condition (17) and/or (18) . In general, the boundary conditions, essential or natural, can be represented as
, where B i is the boundary differential operator which applies in the i-direction. The form of B depends on the type of the boundary condition, i.e. whether it is essential (17) or natural (18) . Collocating the resulting expression at the N b1 boundary nodes on u and/or at the N b2 boundary nodes on t , for each of the components k = 1, 2, the first two set of lines on the matrix system (27) are found, while collocation of Equation (26) at the N i internal nodes, for each component k = 1, 2, defines the last two equation sets of the matrix system ⎛ ⎜ ⎜ ⎝
After solving the above system of equations for [α 1 ] and [α 2 ], the displacement and stress tensor components can be obtained anywhere in the domain by evaluating expressions (24) and (25).
Numerical results
Two plane elasticity problems with analytical solution are employed to validate the proposed MAPS approach. The first of them is a two-dimensional cantilever beam which is solved for essential (first case) and mixed (second case), i.e. combination of essential and natural, types of boundary conditions. The second problem is an infinite plate with a hole subjected to uniaxial traction. In both cases, the root mean square (RMS) error defined as
is calculated to have a global quantitative measure of the agreement between analytical and numerical solutions. In Equation (28), φ refers to the variable used to compute the error (φ r ( x i ), analytical and φ( x i ), numerical) and N to the number of evaluation points. Also, the RMS error is employed to analyse the influence of the shape parameter on the numerical solution.
The two-dimensional cantilever beam
The exact solution of the cantilever beam with unit thickness and an applied parabolic surface traction profile at the free end ( Figure 2 ) is given by Timoshenko and Goodier [26] as (plane stress):
where I is the cantilever moment of inertia, D 3 /12. All numerical solutions are obtained for E = 1000, ν = 1 3 , P = 0.2, L = 1.0 and D = 0.2. In the first case, displacement boundary conditions are fixed at all boundary points by using the analytical solution. The corresponding RMS errors are shown in Table 1 for the displacements and stresses, for a value of c = 0.025, which is Figure 2 . Geometrical description of the two-dimensional cantilever beam problem. [28] with a global Kansa and Hermite RBF collocation schemes, and of the same order of magnitude that those found by Tolstykh and Shirobokob [27] using a local RBF generalized finite difference scheme.
In the second case, the analytical displacements are applied at the line x 1 = 0.0, zero traction at x 2 = 0.0 and x 2 = D and analytical traction at x 1 = L. It is known that the solution of the cantilever problem with these types of mixed boundary condition is more computational demanding than the previous one with only Dirichlet conditions, as commented in [3] . The RMS errors shown in Table 2 are found with a value of c = 0.01 for the same nodal distributions used in the first case. Although the obtained relative error for the stress field, σ ij , is unacceptably high in the case of the coarsest nodal distributions, (≈ 15%), adequate solutions are attained for finer distributions such as 31 × 11 and 63 × 21, with relative errors of 0.23 and 0.044% for u 1 and 2.15 and 0.047% for σ 11 . Our results show higher order of accuracy than the weighed least square approximation of the Kansa's global collocation method reported by Hu et al. [12] , with almost twice the number of equations than unknowns, but lower than the corresponding solutions of the same approach with scaled boundary conditions, also reported by Hu et al. [12] . Besides, the accuracy of our results are several orders of magnitude higher than those obtained with an RBF compact support collocation reported by Kangzu et al. [13] .
The agreement between the analytical solution and the numerical result can be verified by looking at the line contours of constant shear rate σ 11 presented in Figure 3 , where the numerical result was obtained with a 63 × 21 uniform nodal distribution with a value of c = 0.01. A relative small difference between the contours can be observed at the region 0.0 < x 1 < 0.1, towards the upper and lower boundaries, which is due to the use of a homogeneous nodal distribution even in regions with high field gradients. These small differences can be improved by refining the nodal distribution towards those regions as shown in [1] .
The convergence of the method as the number of points increases, for each of the problem considered and values of the shape parameter used, can also be observed in Tables 1 and 2 , respectively. On the other hand, the influence of the shape parameter on the accuracy of the solution is shown in Figure 4 (a) for a nodal distribution of 51 × 17 points, where the variation of the longitudinal displacement (u 1 ) absolute RMS error in terms of the shape parameter for the two cases considered is reported. In both cases, the RMS error is almost constant up to a value of c ≈ 1 × 10 −3 within the range of values of c evaluated, with the difference that in the first case (Dirichlet boundary conditions) the error is smaller than in the second case (mixed boundary conditions). Besides, in the second case, a local minimum of the RMS error is found at the value of c = 0.01, which is only slightly smaller than the constant value found for smaller values of c.
From the obtained results, it can be concluded that in the present case of a two-dimensional cantilever problem, the proposed MAPS is stable for a larger range of values of the shape parameter. Producing accurate solutions, with relative errors less than 0.7% in a 51 × 17 nodal distribution, when 1 × 10 −5 < c < 2 × 10 −2 . For shape parameters greater than 0.02, the resulting global matrix becomes too ill-conditioned to be solved with the direct algorithm used in this work.
In comparison with other global RBF meshless collocation approaches, the solutions of which are, in general, very sensitive to the value of the shape parameter, the proposed MAPS produces consistent accurate solutions for a large range of the value of the shape parameter, even when using very small value of c. It is important to point out that in the present formulation it is always necessary to have a value of c different from zero in order to have a regular solution, since the obtained expressions for the particular solution displacements and stresses are singular as r tends to zero when c = 0. In the present numerical example, a value of c as smaller as 10 −5 is enough to find an accurate solution. For values of c smaller than 10 −5 , it is not possible to obtain accurate solution. The present results show that in the case of a cantilever problem, the proposed global MAPS can achieve high order of accuracy in the prediction of the displacement and stress fields, in contrast with the results found with other types of RBF global collocation approaches that usually predict inaccurate stress fields when dealing with slender domains of the type considered here, as commented in [16] .
With the aim of comparing our global approach with Tolstykh and Shirobokov [27] local scheme, the following L uv norm of the displacement error is computed for the cases presented in Table 1 , i.e. given surface displacements, which is the only type of boundary condition considered in [27] when dealing with the cantilever problem:
where u ir and u i are the analytical and the numerical solutions, respectively. On the other hand, in the case of a cantilever with only prescribed displacement boundary condition, Zhang et al. [28] reported a minimum displacement relative error norm of the order 10 −5 when using a Multiquadric global support RBF approach, with a shape parameter c = 6. As in [27] , this is the only case considered by Zhang et al., when dealing with this type of problem. In our results, for the case of only prescribed surface displacements, see Table 1 , this magnitude of the relative error is obtained with the use of the coarser mesh of collocation points and it can be reduced significantly to an order of 10 −7 when using a denser mesh. Besides being well known, the fully populated collocation matrices that arise from the Multiquadric global support RBF approach are extremely ill-conditioned and exhibit a high sensitivity to variation in shape parameter values, with the accuracy of the solution highly sensitive to the changes on the value of the shape parameter. By choosing an optimal value of c, it is possible to obtain a reasonable reproduction of the analytical solution, as in [28] , however, a small deviation away from this optimal value can lead to extremely poor solution quality. However, this is not the case in our MAPS global approach, where a very stable behaviour of the numerical solution with variation of the shape parameter is observed (Figure 4(a) ).
Infinite plate with a hole
Consider the infinite plate with a circular hole at the centre subjected to a uniaxial traction P as is shown in Figure 5 , which exact analytical solution for the stress and displacement fields is given by Timoshenko and Goodier [26] in terms of the polar coordinates r and θ as:
2r 4 sin(4θ) (37) Figure 5 . Geometrical description of the infinite plate with a hole. Table 3 . Absolute RMS error for the solution of the plate with a hole problem. and
where a is the hole radius, G = E/2(1 + ν) is the shear modulus and κ = 3 − 4ν is the Kolosov constant for the plain strain assumption. For the present numerical solution, the problem domain is defined by the zone bounded by the dotted line in Figure 5 (left), which is shown on the right-hand side of the same figure. The domain length L along the x 1 and x 2 directions is set equal to 5a and the boundary conditions are defined by the given analytical solution, with given displacements on lines x 1 = 0.0 and x 2 = 0.0 and given tractions on lines x 1 = L and x 2 = L. A free traction boundary condition is applied on the hole edge x
The RMS errors presented in Table 3 correspond to the numerical solution attained with ν = 0.3, E = 1000 and a = 1 by using the nodal distributions shown in Figure 6(a)-(d) . The nodal distribution shown in Figure 6 (b) is a globally refined version of the distribution in Figure 6(a) , the distribution presented in Figure 6 (c) is the configuration b refined towards the hole border, and the distribution in Figure 6(d) is similar to the one in Figure 6 (b) but refined near the hole border and the domain corners. As can be seen from Table 3 , different values of the shape parameters were used to check the sensitivity of the solution to changes on the values of c, as well as to see its effect on the convergence of the solution. As expected, better solutions are achieved by increasing the value of c. But unlike with other types of global RBF scheme, in the present case it is possible to find accurate solutions for a large range of values of c, with acceptable results even for very small values, c = 0.0001, see for example in Table 3 for u 2 , found when using N = 872, with c = 0.01, and the larger error of 1.0772 × 10 −4 for u 1 and 7.0211 × 10 −5 for u 2 , when using N = 225, with c = 0.0001. Even when using the coarsest nodal distribution of points, 225, acceptable numerical results are obtained, where the absolute errors reported in Table 3 It is important to mention that for simplicity in all the cases presented in this report, a constant value of c along the problem domain was employed. It will be expected that in cases with irregular distribution of nodal points, as the one used in this example with high density of points around the hole, a non-constant vale of c will produce better results. However even in this case, high order of accuracy, O(10 −6 ), was obtained with a constant value of the shape parameter along the problem domain (Figure 7 ).
Conclusions
In recent years, RBF collocation methods for the solution of PDEs have been applied to a variety of fields within Engineering and Science. This type of numerical methods is attractive due to their meshless formulation, relative ease of implementation, high convergence rates and flexibility with regard to the enforcement of arbitrary boundary conditions. However, in their original form the globally supported basis functions which underpin the method lead to fully populated collocation matrices, which become increasingly ill-conditioned and computationally expensive with increasing dataset size and interpolation function's shape parameter.
It is possible to mitigate the computational cost and numerical ill-conditioning issues by using basis functions which do not span the entire domain. This can be achieved either by the use of compactly supported basis functions within the RBF collocation or by reformulating the problem in 'finite difference' mode, such that a small RBF collocation system is formed around each node within the solution domain. Compactly supported basis functions are known to have significant less accuracy than globally supported functions, particularly when using support domains smaller than the global domain size, requiring larger support domains in order to achieve similar accuracy to globally supported functions. On the other hand, the finite difference RBF scheme appears to be the more attractive approach of the local collocation schemes, since the size of the local collocation systems never grows too large, the RBF finite difference formulation alleviates the computational cost and numerical ill-conditioning methods associated with full-domain RBF methods. However, the use of a local interpolation reduced in some sense the meshless character of the global formulation due to the requirement of some connectivity between interpolation stencils.
The MAPS appears to offer an alternative global approach to the classical direct and indirect RBF global collocations, which resulting fully-populated collocation matrices appear to be less sensitive to increase in the dataset size and changes on the values of the shape parameter. As a globally supported interpolation, this approach retains the full meshless character of the global RBF schemes without the need of any connectivity between the interpolation points.
For the first time, the global MAPS has been employed to solve two-dimensional linear Elasticity problems. The developed meshless numerical scheme is defined in terms of linear superposition of particular solutions of the inhomogeneous Navier system of equations with the Multiquadric RBF as the source term. The proposed MAPS is verified by computing the relative RMS error in the numerical solution of two classical linear elasticity problems with known analytical solution; the two-dimensional cantilever beam and the infinite plate with a hole. In the case of the infinite plate with a hole, it was necessary to refine the nodal distribution collocation points towards the hole edge and the domain corners to be able to obtain a high-resolution result.
The obtained numerical results are stable and accurate for a wide range of shape parameter values and several nodal distributions of collocation points. Unlike most of the other global RBF collocation schemes, in the present case, the RMS error remain almost constant as the shape parameter value tends to zero, however if the value of c is too small no accurate solution can be found. On the other hand, like most of the global RBF collocation approaches, the shape parameter values are restricted by the conditioning of the global matrix which worsens with the increase in the c value. In the present formulation, it is always necessary to have a value of c different from zero, since the obtained expressions for the particular solution displacements and stresses are singular as r tends to zero when c = 0. The reported numerical results show the capability of the proposed Global MAPS to solve two-dimensional linear Elasticity problems, with a high order of accuracy in the numerical results for a large range of values of the shape parameter.
